
Exam Analysis on Manifolds

WIANVAR-07.2016-2017.2A

April 10, 2017

This exam 
onsists of three assignments. You get 10 points for free.

Assignment 1. (30 pt.)

Let x, y, z : R3 → R be the 
oordinate fun
tions on R
3
. The map η : X (R3) → C∞(R3)

maps a ve
tor �eld X = a1E1+a2E2+a3E3 on R
3
, where ai : R

3 → R are C∞
-fun
tions,

to the fun
tion η(X) given by

η(X) = xa2 + ya3 + z a1.

Note that E1 =
∂
∂x

, E2 =
∂
∂y

and E3 =
∂
∂z

.

1. (8 pt.) Prove that η is a di�erential one-form1

, and that η = z dx+xdy+ydz.

2. (8 pt.) Let f : R2 → R
3
be the map given by f(u, v) = (u + v, u − v, uv).

Determine fun
tions a, b : R2 → R su
h that f∗η = adu+ bdv.

3. (7 pt.) Compute ω = η∧ dη.

4. (7 pt.) Prove that ω is exa
t, and determine a di�erential two-form σ su
h that

ω = dσ.

Assignment 2. (30 pt.)

Let f : R3 → R be a C∞
fun
tion with zero set M = f−1(0). Furthermore,

(
∂f

∂x
(p),

∂f

∂y
(p)) 6= (0, 0) for p ∈M.

The map i :M→ R
3
is the in
lusion map.

1. (6 pt.) Prove that M is a 2-dimensional submanifold of R
3
.

2. (6 pt.) Determine a basis of TpM, for p ∈M.

3. (4 pt.) Let σ be the di�erential one-form on R
3
given by σ = df.

Prove that i∗σ = 0.

4. (7 pt.) Let Ω = dx ∧ dy ∧ dz be the volume form on R
3
, and let X be the

ve
tor �eld on R
3
given by

X =
∂f

∂x
E1 +

∂f

∂y
E2 +

∂f

∂z
E3.

Prove that

ιXΩ =
∂f

∂z
dx∧ dy+

∂f

∂x
dy∧ dz+

∂f

∂y
dz∧ dx.

(Re
all that ιXΩ is the di�erential two-form given by ιXΩ(Y, Z) = Ω(X, Y, Z).)

5. (7 pt.) Prove that i∗(ιXΩ) is a nowhere zero di�erential two-form on M.

Assignment 3 on next page

1

Equivalently: a di�erential form of degree one
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Assignment 3. (30 pt.)

Note: the solution of this assignment is likely to be shorter than its statement.

Let M be a 
ompa
t di�erentiable manifold, and let ϕ : M → S
2
be a C∞

-map.

In part 4 you are asked to prove that every 
losed di�erential one-form on the unit

sphere S
2
in R

3
is exa
t.

1. (7 pt.) If ϕ is a di�eomorphism then every 
losed di�erential one-form on M

is exa
t. Prove this, assuming the 
laim in part 4 holds.

We are going to use this result to prove that the torus and the two-sphere are not

di�eomorphi
. Let M be the torus of revolution in N := {(x, y, z) ∈ R
3 | (x, y) 6=

(0, 0)} (the 
omplement of the z-axis in R
3
) obtained by rotating the 
ir
le in the

xz-plane with radius r and 
enter (R, 0, 0) around the z-axis, where 0 < r < R, and

let j :M→ N be the in
lusion map. On N we 
onsider the di�erential form η, given

by

η =
1

x2 + y2
(−ydx+ xdy). (1)

Let ω = j∗η be its pull-ba
k to the torus M.

2. (7 pt.) Prove that ω is a 
losed di�erential one-form on M.

3. (7 pt.) Prove that ω is not an exa
t di�erential one-form on M.

Hint: Let ψ : S1 = {(u, v) ∈ R
2 | u2 + v2 = 1} →M be the embedding given by

ψ(u, v) =
(

(R+ r)u, (R+ r) v, 0
)

,

and prove that

∫
S1
ψ∗ω 6= 0.

4. (9 pt.) Prove that every 
losed di�erential one-form on S
2
is exa
t. Con
lude

that the torus and the two-sphere are not di�eomorphi
.

Hint: Let ω be a 
losed di�erential one-form on S
2
. Let (f1, U1) and (f2, U2)

be the 
harts given by (inverse) sterographi
 proje
tion from the north pole

p1 = (0, 0, 1) and the south-pole p2 = (0, 0,−1), respe
tively. So in parti
ular,

U1 = U2 = R
2
, and f1(U1) ∩ f2(U2) is 
onne
ted. Use Poin
ar�e's lemma to


on
lude that there are fun
tions ϕi : fi(Ui) → R with ω|fi(Ui)
= dϕi, and


on
lude that ϕ2 − ϕ1 is 
onstant on the 
onne
ted set f1(U1) ∩ f2(U2). Use

this to de�ne a fun
tion ϕ with dϕi = dϕ on fi(Ui).
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Solutions

Assignment 1.

1. It is easy to 
he
k that, for ve
tor �elds X and Y on R
3
and for f ∈ C∞(R3):

η(X + Y) = η(X) + η(Y) and η(fX) = fη(X). Therefore, η is a di�erential one-form.

Now

η = η(E1)dx+ η(E2)dy+ η(E3)dz

= z dx+ xdy+ ydz. (2)

2. A straightforward 
omputation shows that

f∗(dx) = d(x ◦ f) = d(u+ v) = du+ dv,

f∗(dy) = d(y ◦ f) = d(u− v) = du− dv,

f∗(dz) = d(z ◦ f) = d(uv) = v du+ udv.

Therefore,

f∗η = (z ◦ f) f∗(dx) + (x ◦ f) f∗(dy) + (y ◦ f) f∗(dz)

= uv (du+ dv) + (u+ v)(du− dv) + (u− v)(v du+ udv)

= (2uv− v2 + u+ v)du+ (u2 − u− v)dv.

In other words, a(u, v) = 2uv− v2 + u+ v and b(u, v) = u2 − u− v.

3. Using (2) we get dη = dz∧ dx+ dx∧ dy+ dy∧ dz, so

η∧ dη = z dx∧ dy∧ dz+ xdy∧ dz∧ dx+ ydz∧ dx∧ dy

= (x+ y+ z)dx∧ dy∧ dz.

4. Every di�erential 3-form on R
3
is 
losed, and, hen
e, exa
t a

ording to Poin
ar�e's

Lemma. Therefore, there is a di�erential 2-form σ on R
3
with ω = dσ. Let σ =

f dy∧dz, then dσ = ∂f
∂x
dx∧dy∧ dz. Take, e.g., f(x, y, z) = 1

2x
2+ xy+ xz, in other

words, take

σ = (12x
2 + xy+ xz)dy∧ dz.

Assignment 2.

1. Sin
e dfp : TpR
3 → R has rank one for all p ∈ M, the zero-set M of f is a two-

dimensional submanifold of R
3
.

2. Sin
e TpM = kerdfp, a ve
tor v = v1e1 + v2e2 + v3e3 is a tangent ve
tor of M at p

i�

v1
∂f

∂x
(p) + v2

∂f

∂y
(p) + v3

∂f

∂z
(p) = 0.

A non-zero solution is v = − ∂f
∂y

(p) e1 +
∂f
∂x

(p) e2. A solution w with a non-zero


omponent in the e3-dire
tion is

w =






−∂f
∂z

(p) e1 +
∂f
∂x

(p) e3, if

∂f
∂x

(p) 6= 0,

−∂f
∂z

(p) e2 +
∂f
∂y

(p) e3, if

∂f
∂x

(p) = 0.
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Sin
e {v,w} is an independent system (and TpM is two-dimensional), it is a basis of

TpM.

3. Straightforward, sin
e i∗(df) = d(f ◦ i) = 0 (sin
e f(i(p)) = 0, for p ∈M).

4. Let ω = ιXΩ, then

ω = ω(E1, E2)dx∧ dy+ω(E2, E3)dy∧ dz+ω(E3, E1)dz∧ dx.

Therefore, the 
laim follows from

ω(E1, E2) = Ω(
∂f

∂x
E1 +

∂f

∂y
E2 +

∂f

∂z
E3, E1, E2) =

∂f

∂z
,

ω(E2, E3) = Ω(
∂f

∂x
E1 +

∂f

∂y
E2 +

∂f

∂z
E3, E2, E3) =

∂f

∂x
,

ω(E3, E1) = Ω(
∂f

∂x
E1 +

∂f

∂y
E2 +

∂f

∂z
E3, E3, E1) =

∂f

∂y
.

5. Let p ∈M, and let {v,w} be the basis of TpM determined in step 2. First observe

that

(i∗(ιXΩ))p(v,w) = (ιXΩ)i(p)(dip(v), dip(w)) = Ωp(X(p), v,w).

(Note that dip : TpM → TpR
3
is the in
lusion map, so dip(v) = v and dip(w) = w.)

So we have to prove that Ω(X(p), v,w) 6= 0. Assume

∂f
∂x

(p) 6= 0. Then

Ω(X(p), v,w) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂f
∂x

(p) ∂f
∂y

(p) ∂f
∂z

(p)

− ∂f
∂y

(p) ∂f
∂x

(p) 0

−∂f
∂z

(p) 0 ∂f
∂x

(p)

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∂f

∂x
(p)

(∂f

∂x
(p)2 +

∂f

∂y
(p)2 +

∂f

∂z
(p)2

)

6= 0.

If

∂f
∂x

(p) = 0 the argument is similar.

Assignment 3.

1. Let ω be a 
losed di�erential one-form on M, then σ := (ϕ−1)∗ω is a 
losed

di�erential one-form on S
2
. Therefore, σ is exa
t, i.e., σ = df for some C∞

fun
tion

f : S2 → R. But then ω = ϕ∗(df) = d(f ◦ϕ). In other words, ω is exa
t.

2. A straightforward 
omputation shows that dη = 0, so dω = d(j∗η) = j∗(dη) = 0.

3. A straightforward 
omputation shows that

ψ∗ω = (ψ ◦ j)∗η =
1

u2 + v2
(−v du+ udv),

so

∫
S1
ψ∗ω = 2π 6= 0. If ω = df, then

∫
S1
ψ∗ω =

∫
S1
d(f ◦ ψ) =

∫
∂S1
f ◦ ψ = 0, sin
e

∂S1 = ∅.

4. The hint is almost the solution. Let ωi = f∗i (ω), then ωi is a 
losed di�erential
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one-form on R
2
. By Poin
ar�e's lemma, it is exa
t, so there are fun
tions ψi : Ui → R

with dωi = dψi. De�ne ϕi = ψi ◦ f
−1
i : fi(Ui) → R, then d(ϕ1 − ϕ2) = 0 on W :=

f1(U1) ∩ f2(U2). Sin
e W is 
onne
ted, there is a 
onstant c su
ht that ϕ2 = ϕ1 + c

on W. Take ϕ = ϕ1 on f1(U1) and ϕ = ϕ2 − c on f2(U2), then ϕ is a C∞
-fun
tion

on S
2
with ω = dϕ.

Use part 1 to 
on
lude.
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